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1. Introduction

•Converge of ADMM is guaranteed for convex functions
• Also works well on nonconvex functions empirically but not well-understood
•We analyze phase retrieval as a model nonconvex function to understand local convergence

2. Phase Retrieval and ADMM

The Gaussian Phase Retrieval (GPR) problem: Recover x ∈ Rn from the measurements yk = |a∗kx|, k = 1, · · · ,m (ak’s are i.i.d Gaussian vectors).
A biconvex least-squares formulation:

minimizez,w∈Rn f (z,w)
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subject to z = w.

(2.1)

ADMM updates for Eq. (2.1):

z(k+1) = argmin
z
L
(
z,w(i),λ(k)

)
,
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w

L
(
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)
,

λ(k+1) = λ(k) + ρ
(
z(k+1) −w(k+1)

)
,

(2.2)

where ρ > 0 and L is the augmented Lagrangian:

L (z,w,λ) .= f (z,w) + 〈λ, z −w〉 + ρ

2
‖z −w‖2 . (2.3)

3. A natural reduction to block coordinate descent

Lemma 3.1. A triple (z,w,λ) is a critical point of L (z,w,λ) if and only if

∂zf = ∂wf = 0, z = w, λ = 0 . (3.1)

Motivates fixing λ = 0 so that ADMM becomes block coordinate descent (BCD):

z(k+1) = argmin
z

f (z,w(k)) +
ρ

2
‖z −w(k)‖2,

w(k+1) = argmin
w

f (z(k+1), w) +
ρ

2
‖z(k+1) −w‖2.

(3.2)

4. Linear Convergence

Consider the expected objective function:

g(z,w)
.
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Using a spectral initialization (i.e., see [1]), we may assume
(
z(0),w(0)

)
lies within the set:

Nx
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Lemma 4.1 (Local strong convexity). Suppose ρ ≥ ‖x‖2. For all (z,w) ∈ Nx,

∇2g(z,w) � 1

3
‖x‖2I. (4.4)

Lemma 4.2 (No-escape). Suppose ρ ≥ 27
8 ‖x‖

2. The BCD iterate sequence
{(
z(k),w(k

)}
stays in Nx.

Lemma 4.3 (Locally block Lipschitz). g(z,w) is block Lipschitz on Nx, i.e., for all (z,w) ∈ Nx and all hz,hw ∈ Rn,

‖∇zg(z + hz,w)−∇zg(z,w)‖ ≤ (4‖x‖2 + ρ)‖hz‖, (4.5)
‖∇wg(z,w + hw)−∇zg(z,w)‖ ≤ (4‖x‖2 + ρ)‖hw‖. (4.6)

With local convexity in place, we establish a linear convergence rate:

Theorem 4.4. Suppose ρ ≥ 27
8 ‖x‖

2 and (z(0),w(0)) ∈ Nx. Then, the BCD iterate sequence converges linearly to the point (x,x) with the rate given by:
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